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Abstract 

We compute the one-loop /^-functions describing the renormalisation of the 
coupling constant A and the frequency parameter Q for the real four- 
dimensional duality-covariant noncommutative 4 -model, which is renormal- 
isable to all orders. The contribution from the one-loop four-point function 
is reduced by the one-loop wavefunction renormalisation, but the /^-function 
remains non-negative. Both f3\ and /?q vanish at the one-loop level for the 
duality- invariant model characterised by Q — 1. Moreover, /3q also vanishes 
in the limit Q — > 0, which defines the standard noncommutative 4 -quantum 
field theory. Thus, the limit Q —>■ exists at least at the one-loop level. 
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1 Introduction 



For many years, the renormalisation of quantum field theories on noncommutative M 4 
has been an open problem |]. Recently, we have proven in that the real duality- 
covariant 4 -model on noncommutative M 4 is renormalisable to all orders. The duality 
transformation exchanges positions and momenta ||, 



i{p) <-> vrVldet^l 4>{x) , p M <-> z„ := 2(0~V^ , (1) 

where <fi(p a ) = J d 4 x e^ _1 ^ iPa ' flX ^0(x a ). The subscript a refers to the cyclic order in the 
^-product. The duality-covariant noncommutative 4 -action is given by 

/i o2 2 

d*x [-{d,4>) * (d»<f>) + —ix^) * (x»<f>) + ^0*0 

+ ^0*</>*0*</>)(x) . (2) 

Under the transformation ([!]) one has 

S[<P;^\,n] ^tfS^;^, A jL] . ( 3 ) 

In the special case Q — 1 the action /io, A, 1] is invariant under the duality (|l]). 
Moreover, S[(p; /io, A, 1] can be written as a standard matrix model which is closely related 
to an exactly solvable model 0. 

Knowing that the action (^) gives rise to a renormalisable quantum field theory [0, it 
is interesting to compute the (3\ and /fo functions which describe the renormalisation of 
the coupling constant A and of the oscillator frequency Q. Whereas we have proven the 
renormalisability in the Wilson-Polchinski approach || || adapted to non-local matrix 
models [[?], we compute the one-loop (3\ and (3q functions by standard Feynman graph 
calculations. Of course, these are Feynman graphs parametrised by matrix indices instead 
of momenta. We rely heavily on the power-counting behaviour proven in p|, which allows 
us to ignore in the /3-functions all non-planar graphs and the detailed index dependence 
of the planar two- and four-point graphs. Thus, only the lowest-order (discrete) Taylor 
expansion of the planar two- and four-point graphs can contribute to the /^-functions. 
This means that we cannot refer to the usual symmetry factors of commutative 4 -theory 
so that we have to carefully recompute the graphs. 

We obtain interesting consequences for the limiting cases Q = 1 and fl = as discussed 
in Section §. 

2 Definition of the model 

The noncommutative M 4 is defined as the algebra Mg which as a vector space is given by 
the space iS(M 4 ) of (complex- valued) Schwartz class functions of rapid decay, equipped 
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with the multiplication rule 



d 4 k 

(9-ky = d^K , k-y = kX , W = -9 V " 



{a*b)(x) = I J—; / d 4 ya(x+±6-k)b(x+y)e ik -y , (4) 



We place ourselves into a coordinate system in which the only non-vanishing components 
M „ are #i 2 = —6*21 = #34 = —#42 = We use an adapted base 

&mn(^) = fm^(x\x 2 ) f m 2 n 2 ( X 3 , X 4 ) , 771 = ^ G N 2 , 71 = £ G N 2 , (5) 

where the base / m i n i (x 1 , x 2 ) G M 2 , is given in 0. This base satisfies 

{b m n*hi){x) = 8 nk b m i{x) , / d 4 xb mn (x) = 4ir 2 d 2 5 mn . (6) 



According to 0, the duality-covariant 4 -action (|2|) expands as follows in the matrix base 
(I): 

S[fafJQ, A,fJ] = An 2 9 2 ^ {^-jGmn-M^mn^H + ^mn^nk^kl^lmj , (7) 

m,n, fc,ZeN 2 

where 0(sc) = XL.neN 2 4>mnbmn(x) and 

C mn; H = (^fil+^(l+Q 2 )(m 1 +n 1 +m 2 +n 2 +2)^5 n i k i5 m iii5 n 2 k 25 m 2 l 2 

- (^(a/ (n 1 +l)(m 1 +l) 5 n i +1>k i6 m i +1 p + s/^m 1 8 n i^ k i8 m i_ h ii)8 n 2 k 28 m 2i2 

+ (v/(n 2 +l)(m 2 +l)5 n 

(8) 

The quantum field theory is defined by the partition function 

Z[J]= I ( J] #„ 6 ) exp ( - - 47r 2 ^ 2 ^ </> m „J„ m ) . (9) 

a,6eN 2 m,re£N 2 

For the free theory defined by A = in (0), the solution of (fj) is given by 

Z[J)\ X=Q = Z[0) exp (a-k 2 6 2 ^ ^J m „A mn;M J H ) , (10) 

m,n,fc,/£N 2 

where the propagator A is defined as the inverse of the kinetic matrix G: 

^ ^ G 'mn;kl^lk;sr ^ ^ ^nm;lkG kl;rs 8 mr 5 ns . (11) 

k,ien 2 eN 2 



We have derived the propagator in 



A m l „1 fel (1 
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;^m 1 +k 1 ,n 1 +l 1 ^m 2 +k 2 ,n 2 +l 2 



a„3;*aja 2(1+Q) 2 

+ i 1 ,n 1 +fc 1 ) min(m 2 + i 



„2— |m 2 -i 2 | 
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l+2v 1 +2i; 2 , ^-§(m 1 +m 2 +A; 1 +£; 2 )+<u 1 +'i 
2+^+|(m 1 +m 2 +A; 1 +P)+t; 1 +v 2 



n' 



m' 



1+ft) 2 , 



(12) 



Here, B(a,b) is the Beta-function and jFi(Mz) the hypergeometric function. 
As usual we solve the interacting theory perturbatively: 

Z[J) = Z[0] exp ( - V [— ] ) exp (A7r 2 e 2 2 Jm " A " m;fciJfc/ ) 



m,?i,fc,ieN 2 



E 



d_ 

IdJl 4!(4vr 2 # 2 ) 3 ^ m2 dJ^ 5J /fe 0J,„ OJ 

v ' m,n,k,l€N 2 



(13) 



It is convenient to pass to the generating functional of connected Green's functions, 
W[J] = \nZ[J]: 



W[J] = In Z[0] + W {ree [J] + In f 1 + e~ Wb ^ ( exp ( - V 



d_ 

8J 



l\ e W fiee [J] 



(14) 



m,n,fc,/GN 2 



In order to obtain the expansion in A one has to expand ln(l + x) as a power series in x and 
exp(— V) as a power series in V. By Legendre transformation we pass to the generating 
functional of one-particle irreducible (1PI) Green's functions: 



m,nGN 2 

where J has to be replaced by the inverse solution of 

, 1 dW[J] 



(15) 



(16) 
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3 Renormalisation group equation 

The computation of the expansion coefficients 

' N\d<f>£ ini ...d<j>£ NnN [U) 

of the effective action involves possibly divergent sums over undetermined loop indices. 
Therefore, we have to introduce a cut-off Af for all loop indices. According to ||, the 
expansion coefficients (|D]) can be decomposed into a relevant /marginal and an irrelevant 
piece. As a result of the renormalisation proof, the relevant /marginal parts have — after a 
rescaling of the field amplitude — the same form as the initial action (0), (0) and (||), now 
parametrised by the "physical" mass, coupling constant and oscillator frequency: 

J- rel/marg 1 A'phys; A p h ys , ^phys] • (-^) 

In the renormalisation process, the physical quantities /ip hys , A p h ys and f2 p h ys are kept 
constant with respect to the cut-off Af. This is achieved by starting from a carefully 

adjusted initial action S [Z[Af]4>, fio[Af] , A [A/] , Q[Af] , which gives rise to the bare effective 

action T[(f) ce ; /xo[A/], A [A/], f£ [A/] , A/"] . Expressing the bare parameters fio, A, fl as a function 
of the physical quantities and the cut-off, the expansion coefficients of the renormalised 
effective action 

r R [^;// phys ,A phys ,Q phys ] :=r[Z[W<f>*,to[W,*W]MM\,-N] , (19) 

P-phys ;-^physi^phys — COIlSt 

are finite and convergent in the limit Af — > oo. In other words, 

^i^A"^^ Ar [A/']r mini; ... ;mjvnjv [/io[A/'], \[Af],tt[Af],Af]) = . (20) 
This implies the renormalisation group equation 

lirn^ (Mgjtf + Nj + + (3 X — + Pn-^y mini] .., mNnN [fi Q , A, Q, Af] = , (21) 



Af- 
where 



Pvo = ^^(^ot^phys, A phys ,fi phys ,A/]j , (22) 

(3\ = N-qj^: ^A[// p hys, A p hys, ^phys, Af] j , (23) 

Pa = (p [/x phys , A phys , tt phys , Af] J , (24) 

7 = A/"^^lnZ[/i phys ,Ap hys ,fip hys ,A/']) . (25) 



4 



I mil 



4 One-loop computations 

Defining (AJ) mn := J2 P q eN 2 ^mn^pqJpq we write (parts of) the generating functional of 
connected Green's functions up to second order in A: 

W[J] = In Z[Q] + 4tt 2 6 2 l J mnA mn . kl Jki 

m,n,A;,/eN 2 

- (47r 2 (? 2 )A J2 {(AJ) mi (AJ), fc (AJ) fcn (AJ), 

' m,n,k,l€N 2 ^ 

+ ^ 2g2 (^"m;fa(AJ) m i(AJ)it + Afc n .jfc( A J) nTO (A J) m ; 

(AJ), fc (AJ) fcn + A ft . mi (AJ) fa (AJ) 

+ ^ 2fl2 (Anm;a(AJ)te(AJ)mi + Afc n;ni ;(A J) nTO (A J)ifc^ 

(47j-2^2^2 ^ (AnmifenAjjjfiij -f~ Afc n .;fc A rtm - m ^ -)- A nm -^A^ n - m ;^ j' 

A 2 f r/ 

+ 2(41)2 | ^A m ; ;sr Aifc ;4s (AJ)fc n (A J) nm + A m ; ;sr Afc n;is (A J)ik(AJ) n . 

''''''' ^ "I - A m 2 ;sr A nm .( S (At7)^(At/)fc n + A^- sr A m ;.j s (A^)j, n (A^) nm 

(AJ) m i(AJ) kn 

A^ n - sr A m ;.^ s ( A</);j. ( A J) nm + A^. n . sr A;/j.( S (At/) m ; (At/) nm 

{AJ) m l(AJ)i k + A 

nm;sr kn 
+ A nm;sr A/fc ;4s (A J) m ;(A J)fc n + A nm;sr Afc n;ts (A J) m ;(A J);fc 

+ 5 permutations of ta , 8r , ru , ut 
+ lPI-contributions with < 2 J's + lPR-contributions j + C(A 3 ) . (26) 

In second order in A we get a huge number of terms so that we display only the 1PI 
contribution with four J's. 

For the classical field (0) we get = X^, g eN 2 A nm . pq J pq + 0(A) so that 

4* = E r; '//>-< + °( A ) • ( 27 ) 

r,sGN 2 

The remaining part not displayed in (£j7l) removes the lPR-contributions when passing to 
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We thus obtain 

r[0 rf ] = r[o] 



+ An 2 9 2 -^Gmn-ki + Qu n 2Q2\ i^ ml ^P n \ k P + ^ kn ^ m p;p') (28a) 

m,n,k,l& 2 pGN 2 pgN 2 



+ 6(i^) Ami;fcn + °( A2 )}^« (28b) 

+ 47T 2 ^ 2 ^{$nk$lr8st$um (28c) 



A 



2(4!)(4vr 2 6> 2 ) 



^ ^ ^ (4 A m p;qs ^pl;tq$kn&ur ^^kp;qs^pn;tq^ml^ur 

-\- A/\pi- r q ^mp;qu^nk^ st ^^pn;rq^kp;qu$ml& st) (28(1) 

^ ^ (4A m ;-p S Ak n -tp5 ur -\- 4A^ n -p S ^ m i-ip5 ur -\- A^ m p-i s ^pi- ru 6 n k 

-|- 4Apj.( s ^mp;ru$nk ^^kp;ts^pn;ru^ml ^^pn;ts^kp;ru^ml 

4 A m ;- r p A/j n -p U (5 S f -|- 4:/\i :n - r pA m i- < p U 5 s t ) (28e) 

"I - ^ ^ (4Ap£.(j, s A ?7l p.£,j r 5 n j i .5 w "I - 4 Ap n -g S ^kp;tq^ml^ur 

^^kp;rq^pn;qu^rnl^st ^^mp;rq^pl;qu^nk^st) (28f ) 

+ 4A mZ;ts A fcn;ra + 4A fen;ts A m , ;ru ) + 0{\^tAtK (28g) 



+ 0(A 2 



Here, (|28a|) contains the contribution to the planar two-point function and (|28b| ) the 
contribution to the non-planar two-point function. Next, (|28c|) and (|28d| ) contribute to 
the planar four-point function, whereas ( |28e|) , fl28f|) and ( |28gi ) constitute three different 
types of non-planar four-point functions. 

Introducing the cut-off p l ^q l < Af in the internal sums over p, q G N 2 , we split the 
effective action according to as follows into a relevant /marginal and an irrelevant piece 
(r[0] can be ignored): 

r[0 rf ] = r rel/marg [</> rf ] + r irrel [0 rf ] , (29) 

N 



mn;kl 

m,n,k,l&i 2 0{47l V ) pip2=(j o p 2, p 2 

+ (m 1 +n 1 +m 2 +n 2 ) V (A lp i p i 1 — A 0p i p i )) +C(A 2 )) 

f—r 0p2; p 2 p2> p 2 / J 

p 1 ,p z =0 

\ \ N 

+^ 2 £ ^{1-3(4^) E ( A : ^ ; ) 2 + ^ 2 >} 



mn'Tnk'rkl'rim • 

(30) 
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To the marginal four-point function and the relevant two-point function there contribute 
only the projections to planar graphs with vanishing external indices. The marginal two- 
point function is given by the next-to-leading term in the discrete Taylor expansion around 
vanishing external indices. 

In a regime where A [Af] is so small that the perturbative expansion is valid in (|30|), the 
irrelevant part r irre i can be completely ignored. Comparing (^) with the initial action 
according to and (g), we have r rc i /marg [Z0 rf ] = S[4?*; /Xp hys , A phys , fi phys ] with 

A M 

Z = l ~^w E (A^.^x-Ao^cO+^A 2 ), (31) 



pi ,p 2 =0 

A N 

Mphys = Mo ( 1 + 2fl2 o E ( 2A P l.pl - A lp l _ p i J 

p ,p — 



,2 



A A 



]T (A lplpll -A 0plpl0 ) + O(A 2 ) , (32) 

9071^6/ f—r p 2> p 2 p 2. p 2 / 



p!,p 2 =0 

N 



A 

Aphys = A 1 1 — — ^ (A p l p l ) 

V Y1-K Z V Z f—f 0p2> p 2 (/ 

pl,p2 =0 



A V 



^ (A lpl . pll -A 0pl . pl0 ) + O(A 2 ) , (33) 
Aqh z U op2' p 2o 0^2^20' / 



p\p 2 =0 
N 



Afl fi^) 

^ phys = ^(l+ 1 ~ J 2 J2 (Axpi.pix -A 0pl . pl0 )+O(A 2 )) . (34) 

V 1927T"W 2 o p 2. p 2 0^2^20' / 

pi ,p =0 

Solving Q3"2j), fl3"3] ) and (^) for the bare quantities, we obtain to one- loop order 

1^0 [/-^phys ; Aphys > ^phys j ■A/"] 

_ ,,2 / 1 A Phys a 

-Mphysl 1 19 _2/32„2 

V l^TT V lM phys 0p2. p 2 

+ o^rfe( 1 + ^-) E (A 1 pi.pi 1 -A 0pl . pl0 )+O(Aj hys )) , (35) 

96tT^V 6///; hya / pl ^ 0p2.p2 P 2>2„' p * / 

A [/^phys 1 Aphys j ^phys 1 -A/"] 

A ^ A ^ 

= Aphys ( 1 + : „ 2i3 n 2^ (Aopl.pl 0) + 75 2fl (Aipl.pl X — A pl_pl o) 

V 1271"^ „2i p 2(/ 487r^y *— ' 0„2, p 2 p2'p20 



p 1 ,p z =0 p ,)D — 

+ ^(A 2 hys) ) , (36) 
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^ [/^phys ; Aphys > ^phys > ■A/'] 



2 

phys, 



(37) 



Inserting (|T2|) into fl36|) we can now compute the /^-function (|23|) up to one-loop order, 
omitting the index p h ys on fj 2 and f2 for simplicity: 

2 



\2 rj A/" 

a _ A P hys . r O ST^ 



2-^1 



pi,p 2 =0 



^(l-ft) 2 2 Fi 



+ 



3+^ + |(P 1 +P 2 +l) 



(i+^) 4 (l+S+|(p 1 +p 2 ))(l+S+|(p 1 +p 2 ))(!+f +^(p 1 +p 2 )) 



2^1 



+ 



2+^+|( P 1 + P 2 +l) 



(i+n) 2 



^ 2 +W + 5(P 1 +P 2 ) 



(l— n) 2 



(l+O) 5 



2(i+n)2(f + f? + K^+p 2 )) 2(i+o) 2 (i + If + KpHp 2 )) 



+ 0(A phys ) 




Symmetrising the numerator in the second line p 1 i— > |(p 1 +p 2 ) and using the expansions 
1 , a — p 



2 -Pi 

2-^1 



b + p 
3 , a — p 
b + p 



1 | g ( 0+& ) + ^( a+& _2) | g 



1+2 
1 



(1+*) 



p(l+z) 3 

+ oip- 1 ) , 



(39) 



which are valid for large p, we obtain up to irrelevant contributions vanishing in the limit 
TV -> oo 



ft 



A 



phys 



<9 



1 



A/" 

48^" cW E n (i + Q2 hys)2(l+pl+p2 y 



1 + 



(1-fi 2 ^ 2 



phys / 



(i+n 2 



phys/ 



C(A 3 



phys/ 



p!,p 2 =0 

0(Af- 1 ) 



phys/ 



\2 

phys 



487T 2 (l+^ 2 hys ) 3 
Similarly, one obtains 



+ 0(A 3 ) + O^" 1 ) . 



Pa 



Aphys ^phys 



96tt 2 (l+Oj hys )3 



\phys 



487r 2 ^ 2 hys (l+fi 2 hys ) 
+ 0(X 2 phys ) + OiAf- 1 ) , 



4Arin(2) + (8 tfl h r ) ^ hyS 



phys/ 1 



(40) 



(41) 



(42) 
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7 ^(Ifc + ° (A *- )+0(An - (43) 

5 Discussion 

We have computed the one-loop (3- and 7-functions in real four-dimensional duality- 
covariant noncommutative 4 -theory. Remarkably, this model has a one-loop contribution 
to the wavefunction renormalisation which compensates partly the contribution from the 
planar one-loop four-point function to the /^-function. The one-loop /^-function is non- 
negative and vanishes in the distinguished case Q = 1 of the duality-invariant model, see 
(H). At Q = 1 also the /^-function vanishes. This is of course expected (to all orders), be- 
cause for SI = 1 the propagator (0) is diagonal, A„i „i . ,1 ,1 | n=1 = ^t^^^^+iy 

so that the Feynman graphs never generate terms with \m i — l l \ = \n l — k % \ = 1 in (§). 

The similarity of the duality-invariant theory with the exactly solvable models dis- 
cussed in M suggests that also the /^-function vanishes to all orders for SI = 1. The 
crucial differences between our model with SI = 1 and Q is that we are using real fields, 
for which it is not so clear that the construction of [|[] can be applied. But the planar 
graphs of a real and a complex </> 4 -model are very similar so that we expect identical 
/^-functions (possibly up to a global factor) for the complex and the real model. Since a 
main feature of [|J was the independence on the dimension of the space, the model with 
SI — 1 and matrix cut-off M should be (more or less) equivalent to a two-dimensional 
model, which has a mass renormalisation only ||. Therefore, we conjecture a vanishing 
/^A-function in four-dimensional duality-invariant noncommutative 4 -theory to all orders. 

The most surprising result is that the one- loop /^-function also vanishes for SI — > 0. 
We cannot directly set SI — 0, because the hypergeometric functions in ( [38|) become 
singular and the expansions ( |3"9"| ) are not valid. Moreover, the power-counting theorems of 
0, which we used to project to the relevant /marginal part of the effective action (|30f) , also 
require Q > 0. However, in the same way as in the renormalisation of two-dimensional 
noncommutative 4 -theory ||, it is possible to switch off Q very weakly with the cut-off 
TV, e.g. with 



n 



■(ln(l+ln(l+A/-))) 2 ^ ^ 



The decay (|44]) for large M over-compensates the growth of any polynomial in In Af, which 
according to is the bound for the graphs contributing to a renormalisation of Q. On 
the other hand, (0) does not modify the expansions (|39D . Thus, in the limit M — > 00, 
we have constructed the usual noncommutative 4 -theory given by Q = in (0) at the 
one-loop level. It would be very interesting to know whether this construction of the 
noncommutative (/> 4 -theory as the limit of a sequence flU]) of duality-covariant </> 4 -models 
can be extended to higher loop order. 

We also notice that the one-loop j3\- and /^-functions are independent of the noncom- 
mutativity scale 9. There is, however a contribution to the one-loop mass renormalisation 
via the dimensionless quantity ^p hjs 0, see 
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